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LETTER TO THE EDITOR

On the equivalence between action-at-a-distance and non-
linear field theories: three-body forces

José M Sanchez-Ron

Department of Physics and Astronomy, University College London, Gower Street, London
WC1, UK

Received 30 September 1976

Abstract. The equivalence between direct-interaction theories and non-linear field theories
is discussed on a classical (non-quantum) basis. We show that to have such an equivalence
three-body forces must be introduced, if there is not coupling between different interac-
tions, in the action-at-a-distance framework. Finally a new type of Poincaré-invariant
theories containing three-body forces is proposed.

We shall discuss in this letter the problem of the equivalence between action-at-a-
distance and non-linear field theories in classical (i.e. non-quantum) physics. At this
stage we will deal mainly with general principles, irrespectively of their physical
realization in nature. To this purpose we shall consider a simple idealized experiment
which has been recently suggested by Pegg (1975), although our treatment of it and the
conclusions that we reach are completely different to those obtained by the above
mentioned author.

Let us consider a system of three particles (1, 2, 3) where two of them (1, 2) have
charge (e, e;) but no mass (m,=m,;=0). To avoid difficulties we shall assume that
both particles move with the speed of light. The third particle (3) has mass (m5) but no
charge (e; = 0). If we remain within the framework of action-at-a-distance theories the
equations of motion for particle 3 will be (Chern and Havas 1973)

dz%
msd 5 =F35+F3, 1
T3

where 7; corresponds, at this stage, to an arbitrary parametrization along the world-line
of particle 3,and F,, (a,b,c=1,2,3,a#b#c,a#c;a,B,...=0,1,2,3)is the force
acting on particle a due to particle b. In the case of theories without mass—charge
coupling there will be no interaction between particle 3 and particles 1 and 2, therefore
particle 3 will remain at rest in a suitable system of reference. This contrasts with the
situation in a non-linear field theory such as, for example, Einstein’s general relativity
(in a linear field theory without mass—charge coupling particle 3 will also remain at
rest). In this case the field which appears due to the electromagnetic interaction
between particles 1 and 2 has an associate energy and hence it will have also an associate
mass. Therefore, and due to the non-linearity of the field, there will be a gravitational
interaction between the field and particle 3 which as a consequenceé will move. That s,
there is no possible equivalence between action-at-a-distance theories and non-linear
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field theories if equations of type (1), in the absence of mass—charge coupling, are used
in the action-at-a-distance case.

This difficulty can be overcome without introducing coupling between different
interactions (mass—charge in our example) by considering either of the two following
equations of motion in a direct-interaction theory:

d%z%
m3d +=F3;+F5,+Fi (2)
T3
or
d*z%
ms—is‘zFllxzs- (3)
d’T3

Three-body forces such as F),3, without coupling between different interactions but
dependent on the coupling constants of the three particles for a given type of interaction
are in principle perfectly admissiblet. Let us represent the coupling constants by g,
(g-interaction) where a denotes the particle under consideration, and the g-
dependence of the three-body forces by Fi,3(g1, g2, 83; ¥), ¥ standing for any other
kinds of dependence (kinematical for example). Obviously the fact that one or several
of the g, equals zero does not imply F7,3(81, 82, &3; v) =0; as possible examples we
have

8182’ 81 , h ,
gs+d g2+gs+d g1+8+tg+d

(d, h constants # 0).

In fact in our thought experiment we find such situations: in an e-interaction framework
we have Fhs(e, €2, 0; y), and in the m-interaction Fi,3(0, 0, ms; ¥). It should be
pointed out, however, that coupling-constant combinations of the type g,8,8; (which as
a matter of fact are the ones usually employed) lead to null three-body forces (no
interaction). Another feature to be mentioned is that the absence of mass—charge
coupling in F,,; enables us to introduce a ‘principle of equivalence’ (‘generalized
principles of equivalence’ in the case of non-gravitational interactions), i.e. particle 3
falls in the ‘field’ produced by particles 1 and 2 independently of its mass; of course it is
necessary for this purpose to choose Fi,;(e;, €5, 0; y) instead of Fpy;3(0, 0, ms; 7).

Two-body forces, F,;,, have already been studied (Havas 1971, Cordero and
Ghirardi 1973), therefore we shall not mention them here; we shall be concerned only
with the three-body force terms F,,.. In this sense and supposing that the Lagrangians
we are going to consider depend only on z73, z5, z5, uy, us, u3 (u;=dz;/dz,), we
propose, as a possible election, to assume that the three-body force terms can be
derived from a generalized Poincaré-invariant Fokker-type interaction Lagrangian in a
Minkowski space-time,

+00 f +00 f 400
Ji3= J J. J' Aizzdrdrydrs 4)

—o0 ‘-0 Y-
where A;,; depends, in order to have theories invariant under the Poincaré group, on

t Although we do not attempt to study this case here let us say that if we have N particles (N > 3), n-body
forces(n =4, 5, ..., N)are also possible. That is, the possibility that n-body forces should be introducedin a
direct-interaction theory in order to make it equivalent to a non-linear field theory must be considered.
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the following maximal set of independent Poincaré-scalars:
(512)2, (513)2, (S12 - 513)
(u1)?, (uz)z, (us)z, (11 - ug), (uy . uz), (uz . u3) (5)
(512 U1), (512 - U2), (512 . U3), (S13 . Uy), (513 . Up), (513 . U3),

where s3,=(z5~-z5), a #b, (x. y)=xPys, (x)*=x"x,.
After the standard variational procedure we obtain from (4)

Fi= j J’ fi23drdry;

the integrand f7,; may be interpreted as the force acting on particle 3 due to particles 1
and 2 in the intervals {7, 7, +d7;) and (r,, 7, +dr,), and is given by

¢] 3 d
= 2s2 52 —2
fiza [ 1o(s31)® (54 - 31) g1 @ 3(831 - Ug)

d (2u SIS PSS S —-‘—9—)]/& ©6)
~dr, 35(“3)2 St CoUg . us) S (s, . us) 12

As we have more than two particles we have enough vectors available to allow for
the construction of pseudoscalars in addition to the scalars (5). In this sense we can
develop a theory allowing non-conservation of parity by making A;,; depend also on

the pseudoscalars

€appsS 12553 U5U3
€apps’ 128 '19314‘17'43
€a8555 128 ?3“‘2714':54 (7
EappsS T2uTUSUS
eaﬁpss‘l’gufu‘z’ug

where €,4,5 is zero if any two indices are equal, and + 1 according to (@Bp8) being an
even or odd permutation of the numbers (1, 2, 3, 4).

The programme to be carried out in order to develop these new action-at-a-distance
theories will be, at least in the first stages, to compute the corresponding laws of
conservation, to try to find exact solutions of the equations of motion and, if successful,
to analyse them in order to see their physical suitability (i.e. stability of the solutions,
physical situations they can represent, etc). All these points will be done elsewhere.

This work has its origins in a remark made to me by Dr Sigurd Zienau to whom I am
sincerely grateful for his constant help. Valuable discussions with E Alvarez, A Salas
and J L Sanz are also gratefully acknowledged.
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